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and x; = [xo, -+ xn_1,]" denotes the block of data after re-
moval of the cyclic-prefix. x; is now processed by a discrete
Fourier Transformation (DFT) and finally the output signal
¥i = [Yo, - -y~n—1,1] is produced. Under the assumption that
channel delay spread does not exceed the cyclic prefix interval
(i.e. channel length N, < L + 1) and symbol synchronization
is properly done, the channel convolution matrix C in the fol-
lowing relation between source data and received data after
cyclic prefix removal,

X = CDHSI + wy, (1)
becomes a circulant matrix, i.e.
co c1 c2 crL o - 0
0 ¢co a ca -+ cCL 0 .
C= . . (2)
C2 CL 0 . 0 Co C1
c1 c2 crL 0 -+ 0 ©oco

where D denotes the DFT matrix, w; denotes a vector of
i.i.d. white complex circular Gaussian noises, which are un-
correlated to the source signals.

In the absence of carrier frequency offset, the input-output
relation for the source s; and the output y; can be written as

vy = DCDHSl + Dw;

As a circulant matrix, C' can be uniquely factorized as C =
D7 AD, where A is a diagonal matrix, which represents the
DFT of the channel ¢(k) [15]. Therefore, DFT operation diag-
onalizes the channel matrix and as a result we have orthogonal
subchannels

y = As; + Dw;. (3)

However, in the presence of frequency offset v normalized to

the symbol rate 1/T, the received signal (k) is multiplied by
eI2mVR/N 41

x; = F,CD"s; + F,w; (4)

where F, is a diagonal matrix defined as F, [k, k] = e/2™/F/N
(-1/2 < v < 1/2). Thus, the input-output relation can be
written as

DF,CD"s; + DF,w,

DF,D" As; + DF,w;,

yi =

Due to the non-trivial F,, DF, D cannot be reduced to a
diagonal matrix, and thus ICI is introduced:

- N-—1
Yni(v) = Ansnilo(v)e™ N ¥

S N—-1
+ Z Amsm,lIm_n(u)e”T(m_"J"") + wy,
m#N

where w, denotes the n-th component of DF, w; and I;(z) is
a real valued function defined as
e sin(m(k + v))

~ Nsin(r(k + v)/N) (5)

2mj 4 (k+v)

N e

1=0
Notice that for a circular complex Gaussian w;, w, is white
(E{|lwn|*} = o2) and uncorrelated with other subchannel
noises (E {wy,wm} = 0 for m # n).

The function I represents the effect of v on ICI, since
I, = §(k) if and only if v = 0. It is useful to study some
properties of I in order to develop frequency offset correction
algorithm in next section.
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Property 1 We observe the following two properies of Iy (v)

i) Rw) =1

=0

E— 2 1)z .2
) Iiy(v)=1- 3 (1 — (Z) ) sin“(wv), (7)

(6)

o

=

i)

kol

where in 4i), without loss of much generality, we assume N is
a power of 2.

Proof: See Appendix A.

III. FREQUENCY ESTIMATION ALGORITHM

Consider the carrier frequency offset synchronization scheme
illustrated in Figure 2. Output of FFT is fed back to the
synchronization device to estimate carrier frequency offset v
and correct frequency offset symbol by symbol. In the sequel
we will develop the algorithm in detail.

j2mvkIN
eJ
x(K) e FFT y(k)
Update v Compute
Cost

Figure 2: Block diagram of the proposed Carrier Fre-
quency Offset Synchronization.

A. Cost Function

Property 1 says that 3, Iz(v) is a unimodal function of v,
while >, I 2(v) is constant. Hoping we can exploit this prop-
erty, we consider the following cost function based on the
fourth order statistics of the output in order to minimize ICI
terms in (5) and consequently correct frequency offset

7= B{lnt)l'}. ®)
n=0

Expansion of the expectation will reveal the dynamics of this
cost function. We need to introduce some notation for further
investigation.

o Kurtosis for a random sequence: For a random sequence
s, Kurtosis, ks is defined as

_ B{sl'}
ko= AT 9)
E{|s|’}
Notice that for a Gaussian sequence {w},
_ J 3 when {w} is real
Fw = { 2 when {w} is complex (10)

e Kurtosis for a vector: One can extend the definition of
kurtosis for a vector z, by

1 (11)



where || - ||4 is £4-norm defined as

llzlla = 14/Z|wil4 (12)
Notice that for a length N vector z
1 cra<t (13)
N —_ T =

and s, has maximum 1 when all N — 1 entries are zero
and minimum 1/N when all N entries have the same
absolute value.

With these notations, the proposed cost function can be
written as a function of v in the following way:

Theorem 1 Consider the diagonal channel frequency re-
sponse matrix A as a vector and let v denote the parameter
error of the carrier frequency offset estimator. Then we have,

) S B {lya@)?} = [AI° + 02 (14)
Nt

i) 3" B {un)'} = Al Roma (15)
= R (o + mo)ria = ) (1= (5122 sin® () (16)

+ 2nw||A||2aﬁ, + H,waﬁ,

Proof: : See Appendix
Theorem 1 implies that the proposed cost function (8) has
a unimodal minimum at v = 0 when

Ruw

KA < ————
Ky + Ks

(17)

(for example, Figure 3 illustrates the cost function for an ideal
channel) and a unimodal maximum at v = 0 otherwise. Since
for most communication sources 1 < ks < Ky, it is enough
to check if ko < 1/2 holds for most OFDM channels in order
to justify minimization of the cost function (8). For now,
we develop a heuristic argument for this. The kurtosis of a
vector tends to indicate the “peakyness” of the vector (recall
that the kurtosis of a vector has minimum at a vector with all
equal absolute value components and maximum at a vector
with only one nonzero component). Due to the assumption
that channel length V. is less than the cyclic prefix length L
(which is less than the DFT size), A is given by interpolation
of a length N, vector and consequently the peakyness of A is
limited by the percentage of the cyclic prefix length. Since A =
Dicoci---en.—10---0]%, we assume that the flat time domain
channel response ¢ = [1-- - 1] produces most “peaky” A in the
frequency domain. Figure 4 plots ka versus the cyclic prefix
length as a percentage of the symbol length for ¢ = [1---1].
kA does not exceed 0.2 for the cyclic prefix length less then
25% of the symbol length and achieves 0.5 for the cyclic prefix
length larger than 60%. Usually the cyclic prefix length does
not exceed 25% of the symbol length, and consequently the
minimization of the cost function (8) is a successful strategy
for correction of the carrier frequency offset v.
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B. Estimation Algorithm

We use the stochastic descent algorithm [17] of the cost func-
tion (8) to estimate the carrier frequency offset v. The carrier
offset correction parameter is updated each time by minimiz-
ing the instantaneous cost function, ) [yt (vr)]?, i

1o}
vyt = vk = £ 2n S s ()] (18)

== 1Y a0 Real {330 2o (0) ] (19)

= vk — 1Y [yna ()]’ Real {4, 1 ()20, (v) } (20)

where z; = Daa—”F,,xl and p is a step size. Therefore, one
additional FFT is required in order to calculate z; for update.
In [12], the authors circumvent this problem by introducing
the following rough approximation of 6‘9—Vy1

0

potna@) = 21)

(22)

Ui (v +1) = yni(v — 1))

~
~

N[ = N =

(Yn+1,1(¥) — yn—1(v))
using the fact that yn (v + k) = yn+k,(v) in the absence of
noise. In section V it will be shown that the performance of

these two updates are almost the same.

Frequency Offset Estimation Cost function

Cost function J(v)
= [
) o) N

=
N
T
.

=
N
T
.

b5 0

Normalized Frequency Offset v

0.5

Figure 3: Frequency offset estimation cost function for
ideal channel

IV. CONNECTION TO THE OTHER ALGORITHMS

A. ML approximations
In [11], [12] the log-likelihood function for v under the assump-
tion of an ideal channel (A; = 1) has been approximated by

2

I'(v) = -

n

(1 + s ())) (23)

0

In [12] the authors attempt to directly maximize (23), while in
[11] minimization of a simpler approximation, " |y, (v)[’,
is proposed using the first order approximation, In(1+z) = z.
However, as Theorem 1 indicates this quantity is constant and
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Figure 4: kp v.s. cyclic prefix length as percentage of
symbol length

not a function of v. However, depending on the implementa-
tion of an OFDM system, symbol shaping may be used, and
in such a case the output energy might not be constant. But
still the difference from a constant cost function would be too
insignificant to be used for robust frequency offset estimation.
Using a further finer approximation, In(1 + z) ~ z — %, we
have

P0) % = S i) = 5 Slima)l' (29)

From this equation, one can interpret the algorithm (20) pro-
posed in this paper as a refined closed approximation of ML-
approximation for the ideal channel case.

B. Constant Modulus Algorithm

An OFDM system can be viewed as a multi-input multi-
output (MIMO) system and the distortion caused by the inac-
curacy in synchronization can be modeled as a MIMO channel.
In this framework, removal of ICI and ISI can be interpreted
as a source separation problem. Constant Modulus Algorithm
(CMA) is a popular algorithm used for blind equalization and
also source separation [16], [18]. Assuming an appropriate
frequency domain equalizer (FEQ), minimizing the following
CM cost function will attempt to reduce ICI and ISI caused
by the carrier frequency offset.

J@) =Y BB {(lynal” =)’}
= BB {lynal'} =27 BuE{lynal’} + Ny* (26)

(25)

where {8, } are a set of weighting factors. Since 3> E {|yn,|}’
is a constant, minimizing the proposed cost function (8) is
equivalent to minimizing CMA for 3, =1 in (26).
V. SIMULATION RESULTS AND CONCLUSION
Simulations have been run under the following conditions.
i) The symbols s; are QPSK, i.e. ks = 1.
ii) An OFDM symbol consists of 64 samples.
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iii) The cyclic prefix is 16 samples long (25% of symbol
length).

iv) The channel has 16 paths, with random phase and ex-
ponential power delay profile, i.e.,

E|c[k]|” = exp(—k/3) (27)

v) Signal to noise ration (SNR) is 30dB.

Figure 5 confirms the global convergence of this algorithm
with respect to exact gradient update considered in (20). Pa-
rameter errors corresponding to different initializations con-
verge to zero for the ideal channel in 30dB SNR. Figure 6
compares the two updates considered in Section B for a non
ideal channel in 30dB SNR. For a multipath channel with-
out FEQ the algorithm suffers from high excess MSE and
thus small step size is required. Thus, parameter trajectories
in Figure 6 exhibits slow convergence. Notice that the per-
formance difference between the exact update of (8) and the
approximated update of (22) are almost negligible.

Global Convergence of Fregency offset Estimatin Algorithm
05 T T T T T

0.3 -

0.2 \ | ’ —

0.1r-

Parameter Error
=)

|

4

e
T

-05 1 1 1 1 1 1 I
10 20 30 40 50 60 70 80

Symbols

Figure 5: Global Convergence of Parameter Error

In conclusion, the proposed carrier frequency estimation
algorithm based on the fourth power accumulation performs
perfect carrier frequency synchronization independently from
the channel and the initialization. Further developments may
include performance analysis on non-idealities such as the
presence Doppler shifts and the presence of channels of which
length is larger than that of cyclic prefix.

VI. APPENDIX

A. Proof of Property 1

The property ¢) can be proven by either direct approach or
by using Parseval’s Theorem [19] as done in this proof. For
an DFT input z(v) = [1 e*™/N ... 2"V =Dr/N1 the output
power is given by ||Dx(v)||> = N 3 IZ(v). On the other hand,
||x()||* = N. From Parseval’s Theorem, or W being a unitary
matrix, we have

N> v)=N (28)
k
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Figure 6: Comparison of exact update vs. approximated
update

For the property i), we assume that N is power of 2. From

sin(m + z) = —sin(x), we have
sin ( V) — 1
Zlk( )= kZ:o sin4(7rk:/N+ v [N) (29)

Since N is even, we can pair the elements of {k/N},_, 5
into {k/N, k/N + 1/2},9:07___ which leads us to

-1
N/2-1

(30)

Y Li(v) =
k

9t 1 —2sin*(7k/N + 7v/N)
sin*(rk/N + 7v/N) ’
(31)

where we used sin(7/2 + ) = cos(z) and some trigonometry
identities. Successively repeating the above maneuver log, N
times gives the final form

= . _sint(av) 41— 2(1— (3)'82 V) sin? ()
kzzo L(v) = —xa S (70 (32)
—1- %(1 (i)logz N) sin? () (33)

B. Proof of Theorem 1

Let y,, denote the signal part of y,, i.e., Yn = Yn + wy. Since
the source s, and noise w are uncorrelated, for each subchan-
nel we have

E{|gn(v) + wal'} = E|gn|* + 260 E [§n]” 0% + E {wn } (34)
From the i.i.d. property of the source, we have

Elja@)” =" [Ag—n| T (v) (35)
k
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Elgn(W)|* =ks > |Atron) |4 Ii(v)
k
+hw Y A ey | | A iy | TR ) T2, (v) (36)
k#m

where (k — n) denotes kK —n mod N. The cost function can
now be written as

ZE{Iyn ) +wn|'}
=> E{ll" }+awZE{|yn V)I*} + Newoy,  (37)
Notice that
S E{l5. )’} =D 1Al Y Ie(@)” = (AP, (38)
n k k
which proves part i) and
ZElﬂn(V) !
= A 10 4 3 AP Al 3 ) )
k#m k#m
= s DAkl = D AR [Am]? | D I(R)*
k k#m k
+rw ) Ak [Am|? (39)
k#m
= IAI" (ks + Ko )in = nw)ZI B+ re S A (A
k#m
= [IAll* (ks + Ruw)ra — ) Y I(R)" + Kul|A]*(1 = Ka)
k
(40)
where, we have used the relation
1= (Z I,?(:;)) ZIk(y) + > L) (41)
k k#m

Combining (40) and Property 1-i3) proves part ii). l
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