2000 Conference on Information Sciences and Systems, Princeton University, March 15-17, 2000

SINR, Power Efficiency, and Theoretical System Capacity of Parallel Interference Cancellation

D.R. Brown and C.R. Johnson Jr.

Cornell University Ithaca, NY 14853

Abstract— In this paper, we analytically derive an exact expression for the SINR of the two-stage parallel interference cancellation (PIC) multiuser detector in a synchronous, nonorthogonal, binary, CDMA communication system. In order to obtain an intuitive understanding, we consider an approximation to the SINR expression that is well justified in scenarios where the error probability of the matched filter detector is reasonably low. Given a specific SINR requirement for each user in the system, we derive an expression for the minimum transmit power necessary to meet this requirement when the two-stage PIC detector is used. We also derive an expression for a measure of the theoretical system capacity of PIC, defined as the maximum number of users possible in a system with finite available transmit power. Analytical results comparing PIC to the successive interference cancellation (SIC) detector and matched filter (MF) detector show that PIC requires less total transmit power and has greater theoretical system capacity than the SIC or MF detectors in the cases considered.

I. Introduction

One promising technique for mitigating multiple access interference in CDMA communication systems is parallel interference cancellation (PIC). PIC was first introduced for CDMA communication systems in [1] and [2] as the multistage detector and was shown to have close connections to joint maximum likelihood detection. Since Varanasi and Aazhang’s pioneering work, there has been an increased interest in understanding the performance of the PIC detector (see, for instance, [3], [4], [5], [6], [7]).

In this paper, we study the signal to interference plus noise ratio (SINR) performance of PIC and its implications to transmit power and theoretical system capacity. We present an exact expression for the SINR of the PIC detector and, in order to obtain a more intuitive understanding, we suggest an approximation that holds in typical operating scenarios where the error probability of the matched filter detector is reasonably low. Using this result, we consider the case where each user in the CDMA communication system has a particular SINR requirement and derive an expression for the minimum transmit powers necessary to satisfy these requirements. Note that, in a nonorthogonal multiuser system such as CDMA, increasing one user’s transmit power to meet

Supported in part by NSF grants ECS-9528363, MIP-9811297, EEC-9872436, Applied Signal Technology, and Lucent Technologies.

their SINR requirement can also have the effect of increasing the interference seen by the other users in the system, hence lowering their SINR. The approximations used in this paper allow the transmit powers to be computed via a set of of simultaneous linear equations.

As a first step towards understanding the SINR performance of PIC, we derive closed form expressions for the total required transmit power and theoretical system capacity of the PIC detector in the equi-correlated case where all users have identical signature waveform crosscorrelations. These expressions are analytically compared to the results for SIC and MF detection provided in [8] under identical assumptions. We provide analytical proofs that show that, in the cases considered, PIC requires less total transmit power and has greater theoretical system capacity than the SIC or MF detectors. Numerical results verifying the analysis are also presented.

We assume a synchronous CDMA multiuser communication scenario with binary signaling, nonorthogonal transmissions, and an additive white Gaussian noise channel. The communication system model is identical to the basic synchronous CDMA model described in [9]. The number of users in the system is denoted by K and all receivers considered in this paper operate on the Kdimensional MF bank output given by the expression y = RAb + σn (1) where R ∈ R^{K×K} is a symmetric matrix of normalized user signature crosscorrelations such that R_{kk} = 1 for m = 1, . . . , K and |R_{kℓ}| ≤ 1 for all k ≠ ℓ, A ∈ R^{K×K} is a diagonal matrix of positive real amplitudes, b ∈ B^{K×1} is the vector of i.i.d. equiprobable binary user symbols where B = {±1}, σ is the standard deviation of the additive channel noise, and n ∈ R^{K×1} represents a matched filtered, unit variance AWGN process where E[n] = 0 and E[nn^⊤] = R. The channel noise and user symbols are assumed to be independent.

II. SINR of Two-Stage PIC

Under the common assumption that the PIC detector has perfect knowledge of the amplitudes and signature crosscorrelations, the PIC detector forms the soft output for the k^{th} user by the expression

y^{(k)}_{PIC} = a^{(k)} b^{(k)} + ∑ ℓ≠k ρ_{kℓ}a^{(ℓ)} [b^{(ℓ)} − sgn(y^{(ℓ)} )] ϵ ∈ {−2, 0, 2} +σn^{(k)} .

The notation SINR^{(k)}_X denotes the SINR of the k^{th} user’s output of multiuser detector X defined as

SINR^{(k)}_X^Δ=

E[y^{(k)}_X | b^{(k)}]^2 var[y^{(k)}_X | b^{(k)}]

where y^{(k)}_X denotes the k^{th} user’s soft output from multiuser detector X prior to hard decision. We can then compute the SINR of the PIC detector as

SINR^{(k)}_{PIC} =

( a^{(k)} b^{(k)} + ∑ ℓ≠k ρ_{kℓ}a^{(ℓ)} Ψ_ℓ

)_2

∑ ℓ≠k ∑ m≠k ρ_{kℓ}ρ_{km}a^{(ℓ)} a^{(m)} Ω_{ℓm} + 2σ ∑ ℓ≠k ρ_{kℓ}a^{(ℓ)} Φ_{ℓk} + σ^2

where

Ψ_ℓ = E[ϵ^{(ℓ)} | b^{(k)} ], Ω_{ℓm} = E[ϵ^{(ℓ)} ϵ^{(m)} | b^{(k)}] − E[ϵ^{(ℓ)} | b^{(k)} ]E[ϵ^{(m)} | b^{(k)} ], and Φ_{ℓk} = E[ϵ^{(ℓ)} n^{(k)} | b^{(k)} ].

Exact expressions for Ψ, Ω, and Φ are given in the Appendix of this paper. It is evident that the exact expression for the SINR of the PIC detector is quite complex and does not lead to an intuitive understanding of its properties. Instead, we will impose the following “normal-operating” assumptions also imposed in [8] and indirectly in [9, pp. 378]:

1. Assume that ϵ^{(ℓ)} is approximately independent of b^{(k)} for all ℓ ≠ k, or in other words that an error in the decision of the matched filter output for user ℓ is independent of the bit transmitted by user k.

2. Assume that ϵ^{(ℓ)} is approximately independent of ϵ^{(m)} for all ℓ ≠ m, or in other words that matched filter decision errors for user ℓ are independent of matched filter decision errors for user m.

3. Assume that ϵ^{(ℓ)} is approximately independent of n^{(k)} for all ℓ ≠ k, or in other words that matched filter decision errors for user ℓ are independent of the Gaussian channel noise in the k^{th} user’s soft matched filter output. These assumptions are well justified unless the error probabilities at the output of the matched filter detector are high and they imply that Ψ_ℓ ≈ 0 ∀ℓ ≠ k Ω_{ℓm} ≈ 0 ∀(ℓ ≠ k) ≠ (m ≠ k) Φ_{ℓk} ≈ 0 ∀ℓ ≠ k. The remaining term requiring calculation is Ω_{ℓℓ} which can be derived as

Ω_{ℓℓ} = E[(ϵ^{(ℓ)} )^2 | b^{(k)}] − E[ϵ^{(ℓ)} | b^{(k)} ]^2 ≈ E[(ϵ^{(ℓ)} )^2] − 0 = 4P^{(ℓ)}_e where P^{(ℓ)}_e = P (b^{(ℓ)} ≠ sgn(y^{(ℓ)} )) is the probability of error of the ℓ^{th} user’s matched filter output and where the imposed assumptions were used in the approximation. Under these approximations, the SINR of the PIC detector may then be written as

SINR^{(k)}_{PIC} = α^{(k)} ∑ ℓ≠k rkℓα^{(ℓ)} 4P (ℓ) e + 1

. (2)

where α^{(k)} = (a^{(k)} /σ)^2 is the normalized power (or SNR) of the k^{th} user and r_{kℓ} = ρ^2_{kℓ} is the squared crosscorrelation of the k^{th} and ℓ^{th} users’ signature waveforms.

III. Power Efficiency

In this section, we use the result of (2) to calculate the normalized power required by each user in the system in order to meet a particular SINR requirement. If we define the normalized power vector α = [α^{(1)} , . . . , α^{(K)} ]^⊤ then (2) implies that α = [4S(Γ − I)P ]α + Se = [I − 4S(Γ − I)P ]^{−1}Se (3) where S is a diagonal matrix with the ℓℓ^{th} element equal to the output SINR requirement for user ℓ, P is a diagonal matrix with the ℓℓ^{th} element equal to P^{(ℓ)}_e , Γ is a matrix of squared signature crosscorrelations given as

Γ = r_{11} . . . r_{1K} . . .. . . . r_{K1} . . . r_{KK} where r_{ℓℓ} = 1 for all ℓ, and e is a K-vector with all elements equal to one. If the inverse exists in (3) then there is a unique solution for the normalized user powers given S, Γ, and P . Also note that when the interference cancellation is perfect (i.e., when P = 0) then α = Se or, in other words, each user’s normalized power (SNR) is equal to their output SINR requirement. This is intuitively satisfying since perfect cancellation implies that there is no MAI in the outputs of the two-stage PIC detector and that noise is the only channel impairment.

Proposition 1: Under the following assumptions: 1. The squared user crosscorrelations are all identical, i.e., r_{kℓ} = r for all k ≠ ℓ, 2. The user output SINR requirements are all identical, i.e., S = sI, and 3. The decision error probabilities are all identical, i.e., P = pI, then the total transmit power required for two-stage PIC detection may be written as e^⊤α = Ks 1 − 4rsp(K − 1) (4)

Proof: Under the assumptions of the proposition, we can rewrite (3) as α = s[I − 4spΛ] Δ −1e (5)

where Λ is defined such that its diagonal elements are all equal to zero and its off-diagonal elements are all equal to r. The inverse in this last expression can be computed explicitly since Δ has explicit solutions to its eigenvalues and eigenvectors. Denoting x = −4rsp, it can be shown that the diagonal elements of Δ^{−1} are all identical and equal to^{x(2−K)−1}

x^2(K−1)+x(2−K)−1 and that the off-

diagonal elements of Δ^{−1} are all identical and equal to x x^2(K−1)+x(2−K)−1 . It then follows directly that

α^{(k)} = s(x(2 − K) − 1 + (K − 1)x) x^2(K − 1) + x(2 − K) − 1 . Recognizing that the numerator and denominator have the common factor x − 1, we can simplify this last expression to write

α^{(k)} = s (K − 1)x + 1

hence the total normalized power required for the PIC detector is given in (4) after the substitution x = −4rsp.

The following remarks expose some of the intuitive properties of (4):

• The cases of perfect cancellation (p = 0) or orthogonal transmission (r = 0) are identical and lead to a total normalized power requirement of Ks.

• For fixed K, nonzero crosscorrelation or nonzero error probabilities lead to a penalty term in the denominator of (4) that leads to an increase in the total power required.

IV. System Capacity

A theoretical measure of system capacity, denoted as K_{max}, can be defined as the operating point at which the required power is infinite, or equivalently, when the denominator of (4) equals zero. In this case, we can state that, for the PIC detector, K_{max} = 1 4rsp + 1 (6)

which implies that the system capacity is approximately inversely proportional to the squared signature crosscorrelations r, the required output SINR s, and the error probability p of the MF first stage.

V. Comparison to MF and SIC Multiuser Detectors

Using the two-stage PIC SINR results derived in the prior section and the SINR results on SIC and MF multiuser detectors from [8], we can form Table I to compare the total power required (e^⊤α) and system capacity (K_{max}) of the PIC, SIC, and MF detectors for a given SINR requirement under the assumptions of Proposition 1. We note that the expressions for total power and

Detector e^⊤α K_{max}

MF^{Ks}_{1−rs(K−1)}^1_{rs} + 1

SIC^{θK −1} r(1−4pθ^K ) − log(4p) log θ

PIC^{Ks} 1−4rsp(K−1) 1 4rsp + 1 TABLE I Multiuser detector comparison under the assumptions of Proposition 1. θ^Δ=^{1+rs}_{1+4rsp} .

system capacity for the SIC detector are simplified but equivalent to the expressions presented in [8].

Comparison of the PIC and MF detectors is straightforward. A system using PIC detection requires less total transmit power e^⊤α and has a higher K_{max} than a system with MF detection when p < 0.25 for any admissible values of K, r, and s. Conversely, for p > 0.25, a system using MF detection requires lower total transmit power and has a higher K_{max} than PIC for any K, r, and s. Since an error probability p > 0.25 describes an unusual operating region where communication has very low reliability, we can say roughly that the PIC detector is uniformly superior to the MF detector in terms of SINR, total required power, and system capacity in the equi-correlated case.

We compare PIC and SIC detectors in the following propositions.

Proposition 2: Under the same assumptions as Proposition 1 and K ≥ 2, PIC requires less total transmit power when 0 ≤ p < 0.25 and rs > 0.

Proof: To show that PIC requires less total power than SIC we will show that Ks 1 − 4rsp(K − 1) < θ^K − 1 r(1 − 4pθ^K )

for θ^Δ=^{1+rs}_{1+4rsp} . For notational convenience we define q = 4p λ = rs and we also assume that all parameters are such that both denominators are positive in order for this comparison to make any sense. In this case we can cross multiply the expressions to get the following equivalent expression

Kλ(1 − qθ^K ) < (θ^K − 1)(1 − qλ(K − 1)) for θ =^{1+λ}_{1+qλ} and collection of like terms yields

Kλ(1 − q) + 1 + qλ < θ^K (1 + qλ). (7)

It can be shown that (7) holds for K = 2 under the assumptions of the proposition. To show that (7) also holds for arbitrary K we will use an inductive proof. Assume that (7) holds for some value of K −1. Then we will show that it also holds for K. The hypothesis of the induction implies that

(K − 1)λ(1 − q) + 1 + qλ < θ^{K−1}(1 + qλ)

for a particular value of K − 1. Multiplying both sides by θ, the hypothesis implies that

θ[(K − 1)λ(1 − q) + 1 + qλ] < θ^K (1 + qλ).

This last expression, combined with (7), implies that it is sufficient to show that

Kλ(1 − q) + 1 + qλ < θ[(K − 1)λ(1 − q) + 1 + qλ]

in order to prove the claim. Using the fact that θ(1 + qλ) = 1 + λ we can write an equivalent expression Kλ(1 − q) + 1 + qλ − 1 − λ < θ(K − 1)λ(1 − q) and simplifying Kλ(1 − q) − λ(1 − q) < θ(K − 1)λ(1 − q) which leads to the common positive factor λ(1 − q) hence (K − 1) < θ(K − 1) which holds for θ > 1 and K ≥ 2. But θ > 1 is equivalent to 0 ≤ q < 1 or, equivalently, 0 ≤ p < 0.25 hence (7) is true for K under the hypothesis that it is true for K − 1. Since (7) can be shown explicitly true for K = 2 the claim is proven inductively.

Proposition 3: Under the same assumptions as Proposition 1 and K ≥ 2, PIC and has greater K_{max} than SIC when 0 < p < 0.25 and rs > 0.

Proof: To prove this proposition, we first note that for p = 0 the denominator of the total power expressions for both the PIC and SIC detectors can never go to zero as K increases, hence both algorithms have theoretically infinite capacity when the decision error probability is zero. In order to prove that K_{max} is greater for PIC than SIC when 0 < p < 0.25, we wish to show under our previously established notation that 1 qλ + 1 >

− log q log θ . Since qλ > 0 and log θ > 0 we can express this inequality equivalently as

qλ log q > (1 + qλ) log 1 + qλ 1 + λ where we have substituted θ =^{1+λ}_{1+qλ} . Defining

h(λ, q) = qλ log q − (1 + qλ) log 1 + qλ 1 + λ

then it is equivalent to prove that h(λ, q) > 0 for all λ > 0 and 0 < q < 1. To show this, we note that

lim_{q↓0} h(λ, q) = 0 − log 1 1 + λ

= log(1 + λ) > 0 (8)

and that

lim_{q↑1} h(λ, q) = 0. (9)

Since h(q, λ) is continuous in q on the open interval 0 < q < 1 for λ > 0, we can compute its partial derivative in this region as ∂ ∂q h(λ, q) = λ log q + qλ 1 + qλ < 0 where the inequality follows directly from the the assumptions 0 < q < 1 and λ > 0. This implies that h(λ, q) is monotonically decreasing on the open interval 0 < q < 1 and this fact combined with (8) and (9) implies that h(λ, q) > 0 on the open interval 0 < q < 1.

Intuitively, PIC detection tends to outperform both SIC and MF detection in the 0 ≤ p < 0.25 interval because the decisions from the first stage are reliable enough such that cancellation is beneficial to the final decision statistics at the output of the second stage. The first user in a SIC detector is actually decided via MF detection and their decision statistic is subject to the interference of all of the other users. The second user’s decision statistic is subject to K − 1 interference terms and so forth. PIC detection attempts to cancel all of the multiple access interference for each user hence, when the interference estimates are reliable (0 ≤ p < 0.25), the results of this analysis imply that, under operating conditions that satisfy the approximations used to derive (2) and the assumptions of Proposition 1, better performance can be achieved by canceling all of the multiple access interference in parallel rather than successively.

VI. Numerical Results

Although the prior section analytically showed that PIC detection requires less total transmit power and provides greater theoretical system capacity than SIC and MF detection, this section presents numerical examples that demonstrate that the actual performance difference may be quite significant. Figure 1 plots the total normalized power from Table I for PIC, SIC, and MF detectors as a function of K for several values of p. Note that the MF power requirements do not change as a function of decision error probability since there is no interference cancellation. These results clearly show that PIC detection may require several orders of magnitude less power than the SIC and MF detectors in the cases considered.

Fig. 1. Normalized total power required for PIC, SIC, and MF detection to meet the SINR requirement s = 10 for r = 0.01.

Figure 2 plots the theoretical system capacity expressions from Table I for PIC, SIC, and MF detectors as a function of p for two values of s. These results clearly show that PIC may offer several orders of magnitude greater theoretical system capacity than the SIC and MF detectors in the cases considered.

Fig. 2. System capacity for PIC, SIC, and MF detection to meet the SINR requirements s = 10dB and s = 20dB for r = 0.01.

VII. Conclusions

In this paper we derived an expression for the SINR of the PIC detector and examined its implications on power efficiency and theoretical system capacity. In the case where all users have the same SINR requirement and where the signature correlations are identical between all users, we showed analytically that PIC outperforms SIC and MF detection in terms of power efficiency and theoretical system capacity. Numerical results suggest that the performance differences may be significant.

Appendix

In this Appendix, we present the exact expressions for the terms used to calculate the SINR of the PIC detector.

I. Ψ_ℓ for ℓ ≠ k Recall that Ψ_ℓ = E[b^{(ℓ)} −sgn(y^{(ℓ)} ) | b^{(k)} ]. Since the users’ bits are assumed independent and zero mean then Ψ_ℓ = −E[sgn(y^{(ℓ)} ) | b^{(k)} ]. Conditioning temporarily on all of the users’ bits, we can write

E[sgn(y^{(ℓ)} ) | b] = P (y^{(ℓ)} > 0 | b) − P (y^{(ℓ)} < 0 | b) = Q ( −r^⊤_ℓ Ab σ ) − ( 1 − Q ( −r^⊤_ℓ Ab σ ))

= 1 − 2Q ( r^⊤_ℓ Ab σ )

where we have used the facts that y^{(ℓ)} = r^⊤_ℓ Ab+σn^{(ℓ)} and Q(x)+Q(−x) = 1. To remove the conditioning on b, first denote B^{(k)} as the set of cardinality 2^{K−1} of all possible, equiprobable, binary K-vectors with the k^{th} user’s bit fixed to the known value b^{(k)} . Then it follows that

E[sgn(y^{(ℓ)} ) | b^{(k)}] = 1 2^{K−1} ∑ b∈B^{(k)} ( 1 − 2Q ( r^⊤_ℓ Ab σ ))

= 1 − 1 2^{K−2} ∑ b∈B^{(k)} Q ( r^⊤_ℓ Ab σ )

and Ψ_ℓ follows directly.

II. Ω_{ℓm} for (ℓ ≠ k) ≠ (m ≠ k) Recall that

Ω_{ℓm} = E[(b^{(ℓ)} − sgn(y^{(ℓ)} ))(b^{(m)} − sgn(y^{(m)} )) | b^{(k)} ] − Ψ_ℓΨ_m = E[b^{(ℓ)} b^{(m)} | b^{(k)} ] − E[b^{(ℓ)}sgn(y^{(m)} ) | b^{(k)} ] −E[b^{(m)} sgn(y^{(ℓ)} ) | b^{(k)} ] + E[sgn(y^{(ℓ)} )sgn(y^{(m)} ) | b^{(k)} ] −Ψ_ℓΨ_m.

Since the users’ bits are assumed independent and zero mean, E[b^{(ℓ)}b^{(m)} | b^{(k)} ] = 0. To compute E[b^{(ℓ)} sgn(y^{(m)} ) | b^{(k)} ], we can temporarily condition on b to use a prior result in this Appendix to write

E[b^{(ℓ)} sgn(y^{(m)} ) | b] = b^{(ℓ)} [ 1 − 2Q ( r^⊤_mAb σ )] .

Now, removing the conditioning on b, we can write

E[b^{(ℓ)} sgn(y^{(m)} ) | b^{(k)} ] = 1 2^{K−1} ∑ b∈B(k) b^{(ℓ)} [ 1 − 2Q ( r^⊤_mAb σ )]

= −1 2^{K−2} ∑ b∈B(k) b^{(ℓ)} Q ( r^⊤_mAb σ ) . An expression for E[b^{(m)}sgn(y^{(ℓ)} ) | b^{(k)}] can be derived similarly.

The remaining term required to compute Ω_{ℓm} is E[sgn(y^{(ℓ)} )sgn(y^{(m)} ) | b^{(k)}]. Temporarily conditioning on all of the users’ bits, we can write

E[sgn(y^{(ℓ)} )sgn(y^{(m)} ) | b] = +P ({y^{(ℓ)} > 0} ∩ {y^{(m)} > 0} | b) +P ({y^{(ℓ)} < 0} ∩ {y^{(m)} < 0} | b) −P ({y^{(ℓ)} > 0} ∩ {y^{(m)} < 0} | b) −P ({y^{(ℓ)} < 0} ∩ {y^{(m)} > 0} | b). Using the notation of [10, pp. 936], where L(h, k, ρ)^Δ= ∫_∞ h ∫_∞ k g(x, y, ρ) dy dx where g(x, y, ρ) is the bivariate Gaussian pdf parameterized by ρ, it can be shown that

E[sgn(y^{(ℓ)} )sgn(y^{(m)} ) | b] = +L ( −r^⊤_ℓ Ab σ , −r^⊤_mAb σ , ρ_{ℓm} )

+L ( r^⊤_ℓ Ab σ , r^⊤_mAb σ , ρ_{ℓm} )

−L ( −r^⊤_ℓ Ab σ , r^⊤_mAb σ , −ρ_{ℓm} )

−L ( r^⊤_ℓ Ab σ , −r^⊤_mAb σ , −ρ_{ℓm} )

Δ= M ( r^⊤_ℓ Ab σ , r^⊤_mAb σ , ρ_{ℓm} ) . Now, removing the conditioning on b, we can write

E[sgn(y^{(ℓ)} )sgn(y^{(m)} ) | b^{(k)} ] = 1 2^{K−1} ∑ b∈B(k) M ( r^⊤_ℓ Ab σ , r^⊤_mAb σ , ρ_{ℓm} )

from which Ω_{ℓm} follows directly. Note that there is no closed form expression for L(h, k, ρ) except in special cases. Computation of E[sgn(y^{(ℓ)} )sgn(y^{(m)} ) | b^{(k)} ] will, in general, require numerical integration.

III. Ω_{ℓℓ} for ℓ ≠ k

The results from the prior section of this appendix can be applied directly to this case, recognizing that E[(b^{(ℓ)})^2 | b^{(k)} ] = E[(sgn(y^{(ℓ)} ))^2 | b^{(k)} ] = 1. We can then write

Ω_{ℓℓ} = 2 + 1 2^{K−3} ∑ b∈B^{(k)} b^{(ℓ)} Q ( r^⊤_ℓ Ab σ ) − Ψ^2_ℓ .

IV. Φ_{ℓk} for ℓ ≠ k

In order to derive an exact expression for Φ_{ℓk} we will state a useful result first. Suppose that u and v are unit variance, zero mean, Gaussian random variables and that E[uv] = ρ. Then it can be shown via direct integration that

E[usgn(t + v) | t] = 2ρ √ 2π exp ( −t^2 2 ) . (10)

Recall that Φ_{ℓk} = E[(b^{(ℓ)} − sgn(y^{(ℓ)} ))n^{(k)} | b^{(k)} ]. Since the users’ bits and channel noise are assumed independent and zero mean, then Φ_{ℓk} = −E[sgn(y^{(ℓ)} )n^{(k)} | b^{(k)} ]. Conditioning temporarily on all of the users’ bits, and recognize that sgn(y^{(ℓ)} ) = sgn(y^{(ℓ)} /σ) for σ ≠ 0 then we can use (10) to write

E[sgn(y^{(ℓ)} )n^{(k)} | b] = 2ρ_{ℓk} √ 2π exp − (_{−r⊤ℓ Ab} σ )_2 2 . The conditioning on b is removed as before to write

E[sgn(y^{(ℓ)} )n^{(k)} | b^{(k)} ] = ρ_{ℓk} √ 2π2^{K−2} ∑ b∈B(k) exp ( −(r^⊤_ℓ Ab)^2 2σ^2 )

and Φ_{ℓk} follows directly.

References

[1] M. Varanasi and B. Aazhang, “Multistage detection in asynchronous code-division multiple-access communications,” IEEE Transactions on Communications, vol. 38, pp. 509–19, April 1990.

[2] M. Varanasi and B. Aazhang, “Near-optimum detection in synchronous code-division multiple-access systems,” IEEE Transactions on Communications, vol. 39, pp. 725–36, May 1991.

[3] C. Hegarty and B. Vojcic, “Two-stage multiuser detection for non-coherent CDMA,” in Proceedings of the 33rd Annual Allerton Conference on Communications, Control and Computing, (Monticello, IL), pp. 1063–1072, October 4-6 1995.

[4] V. Ghazi-Moghadam, L. Nelson, and M. Kaveh, “Parallel interference cancellation for CDMA systems,” in Proceedings of the 33rd Annual Allerton Conference on Communications, Control and Computing, (Monticello, IL), pp. 216–24, October 4-6 1995.

[5] X. Zhang and D. Brady, “Asymptotic multiuser efficiency for decision directed multiuser detection,” IEEE Journal on Selected Areas in Communications, vol. 17, pp. 1815–27, October 1999.

[6] M. Varanasi, “Decision feedback multiuser detection: A systematic approach,” IEEE Transactions on Information Theory, vol. 45, pp. 219–40, January 1999.

[7] P. Patel and J. Holtzman, “Performance comparison of a DS/CDMA system using a successive interference cancellation (ic) scheme and a parallel ic scheme under fading,” in Proceedings of the ICC/SUPERCOMM ’94 - 1994 International Conference on Communications, vol. 1, (New Orleans, LA), pp. 510–4, May 1-5 1994.

[8] W. Luo and A. Ephremides, “Energy efficiency of multiuser detection,” in 1999 IEEE Wireless Communications and Networking Conference, vol. tbd, (New Orleans, LA), p. tbd, September 21-24 1999.

[9] S. Verdú, Multiuser Detection. New York, NY: Cambridge University Press, 1998.

[10] M. Abramowitz and I. Stegun, Handbook of Mathematical Functions. New York, NY: Dover, 1972.